Solution to Problems ©-8

Problem A: Assume that a function f : R — R is continuous at
an o € R and satisfies Cauchy functional equation:

fle+y) = f(z)+ fly) for all x,y € R.
Prove that f(x) = f(1) -z for all x € R.

Answer: First note that for any z1,...,x, € R we have f(x 4+ x5 +

oot xy) = f(z1) + f(xe) + ... + f(z,) (straightforward induction on
n). Hence for every x € R and n € N we have

foa)=flet. +o)=f@)+. .+ f@)=nf)

n times n times

Applying the above formula to £ we get

() =5

n
for all x € R and n € N. Consequently, if x € R and n,m € N then

(5 -ni(1) - R
Therefore,

(®)o if r > 0 is a rational number then f(r) = f(r-1) =7r- f(1).
Now note that f(0) = f(0+0) = f(0) + f(0), so f(0) =0 and

0=f(0) = f(z+ (—a)) = f(z) + f(—a),
and hence
(®); f(—z) = —f(z) for each z € R.
Putting this together with (®), we may conclude that
(®)2 f(r) =r- f(1) for every rational number r.

Now assume that f is continuous at xg € R and let us argue that

(®)3 f is continuous at 0.
For this suppose that (yn)zo:l is a sequence converging to 0. Then the
sequence (xo + yn)zozl converges to xy and by the continuity of f at xg
we have

Tim f(zo + ) = f (o).
But

Tim (w0 + ) = lim (f(z) + Fyn)) = (o) + lim F(y)



2

so necessarily lim f(y,) = 0.
n—oo
Now we may finalize our proof. Let x € R be arbitrary. Choose a
o0 . . oo
sequence (Tn)n:1 of rational numbers converging to z. Then (x—rn)n:1
converges to 0, so by (®); we have

lim f(z —r,) = f(0) =0.

n—o0

But,
fla—ra) = f(z+(=ra)) = f(2) + f(=ra) = f(2) + (=1a) - (1),

SO

0= lim f(z—r,) = lim (f(z) = r0- /(1)

n—oo

and () = lim - f(1) =@ F(1).

CORRECT SOLUTION WAS RECEIVED FROM :

(1) Copy ANDERSON POW 8A: ©
(2) BRAD TUTTLE POW 8A: ©
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Problem B: Find all continuous functions f : R — R satisfying
the Jensen equation

f<m;ry) _ f(fff);rf(y)

for all x,y € R.

Answer: Set f(0) = c¢. Putting y = 0 in the Jensen equation we get
that for each x € R,

f(f) _ @)+ f0) _ flz)+c

2
Hence, for all z,y € R

fl)+ fly)  rx+y\  fle+y +ec
2 _f( 2 )_ 2

2 2

and consequently

@)+ fly) = fle+y) +c

(for all z,y € R). Now set g(x) = f(x) — ¢ (for all z € R) and note
that

e g: R — R is continuous, and for all z,y we have

o g(zty) = flzt+y)—c= f(@)+fy) —2c = (f(2) +c) +(f(y) +

c) = g(x) + g(y)-

Therefore, by Problem A, we may conclude that g(x) = ¢g(1) - = for all
x € R, in other words

f(z) = ax + ¢, where a = f(1) — f(0) and ¢ = f(0).

CORRECT SOLUTION WAS RECEIVED FROM :
(1) Copy ANDERSON POW 8B: ©
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Problem C: Prove that there is a function f : R — Q satisfying
the following three conditions:

(1) f(z+y) = f(x) + f(y) for all z,y € R,
(2) f(x) ==z for allz € Q, and

(3) f is not continuous at any point on R.

Answer: The set (field) R can be regarded as a vector space over
the rationals Q. A Hamel basis for R over Q is a maximal linearly
independent set. Choose a Hamel basis H that contains 1. Thus each
x € R can be represented in a unique way as

r = Z wy(z)h,

heH

where only finitely many coefficients wy,(z) € Q are different from zero.
Consequently, for z,y € R,

T4y = Z wp(z +y)h = Z (wn(z) +wa(y))h,
heH heH

which implies wy(x + y) = wp(z) + wy(y). So, in particular, f = w;
satisfies condition (1). We will show that it has the other properties
too.

Since 1 = 1-1, it should be clear that w;(1) = 1. By the proof for
Problem A (clause (®), there) we know that

e wi(r) =7 -wi(1) =r for every rational number r,

as required in (2). Finally, if w; were continuous at some point z,
then by Problem A we would have had w;(z) = z for every x € Q.

However, the function w; assumes only rational values, so wy(7) # .
Thus clause (3) follows.

The ezistence of Hamel basis requires the use of Axiom of Choice and
we know it cannot be defined in any reasonable way. Intrigued? Would
like to learn more about set theoretic methods in mathematics? Talk to
Andrzej Rostanowski about possible course/seminar “Set Theory for a
working mathematician”.
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